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Abstract
We introduce the electromagnetic-gravitational coupling in the Horˇava-Lifshitz framework, in
3 + 1 dimensions, by considering the Horˇava-Lifshitz gravity theory in 4 + 1 dimensions at the
kinetic conformal point and then performing a Kaluza-Klein reduction to 3 + 1 dimensions. The
action of the theory is second order in time derivatives and the potential contains only higher
order spacelike derivatives up to z = 4, z being the critical exponent. These terms include also
higher order derivative terms of the electromagnetic field. The propagating degrees of freedom of
the theory are exactly the same as in the Einstein-Maxwell theory. We obtain the Hamiltonian,
the field equations and show consistency of the constraint system. The kinetic conformal point
is protected from quantum corrections by a second class constraint. At low energies the theory
depends on two coupling constants, β and α. We show that the anisotropic field equations for
the gauge vector is a deviation of the covariant Maxwell equations by a term depending on β − 1.
Consequently, for β = 1, Maxwell equations arise from the anisotropic theory at low energies. We
also prove that the anisotropic electromagnetic-gravitational theory at the IR point β = 1, α = 0,
is exactly the Einstein-Maxwell theory in a gravitational gauge used in the ADM formulation of
General Relativity.
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I. INTRODUCTION
Although General Relativity has been tested with an amazing physical accuracy, it has
not given rise, so far, to a consistent theory of quantum gravity. It can be quantize in the
framework of perturbative quantum field theory but it is non-renormalizable. It becomes
renormalizable by adding quadratic curvature invariants to the action but at the cost of
violating unitarity [1]. It may then be considered as an effective theory of a more fundamental
theory, with a much better behaviour at high energies. Superstring theory, a unification
theory of all fundamental forces, is such a candidate. However it has not been able to
predict fundamental physical aspects as for example at which energy scale the breaking of
supersymmetry takes place.
Recently, P. Horˇava [2, 3] proposed a new approach to obtain a renormalizable theory of
gravity. The proposal considers an anisotropic scaling, also called Lifshitz scaling, on the
space-time:
xi → bxi, t→ bzt, i = 1, 2, 3. (1)
The proposal manifestly breaks the relativistic symmetry. The Horˇava action is second
order in time derivatives and the potential contains higher order spacelike derivatives up to
z = 3 terms. Following Lifshitz the theory should be power counting renormalizable at the
UV regime, moreover Horˇava’s original idea was that the theory should flow from the UV
to General Relativity at the IR point. Several aspects of Horˇava-Lifshitz theories have been
understood [5–25].
An important one which remains to be studied is the coupling of Horˇava-Lifshitz gravity to
the other fundamental interactions, in particular to the electromagnetic interaction. Maxwell
equations have been tested with utmost precision. Consequently, if the anisotropic version
of them provides a model describing electromagnetism they should be, at low energies,
very ”near” Maxwell equations. Following the Horˇava-Lifshitz framework one would like to
couple electromagnetism and gravity in a space-time consisting on a foliation with spacelike
leaves parametrized by the time variable. The action should contains second order time
derivatives and a potential with higher order spacelike derivatives of the geometrical objects
of the theory, that is, higher order derivative terms constructed from the 3- dimensional
Riemann tensor, the lapse and the electromagnetic field. We will show that the potential
must contain at least up to z = 4 derivative terms in order to have a power counting
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renormalizable theory.
A natural approach to fulfill these requirements is to consider a Horˇava-Lifshitz gravity
theory in 4+1 dimensions and to perform a Kaluza-Klein reduction to 3 + 1 dimensions.
Horˇava-Lifshitz geometry is then guaranteed. In [4] we followed this approach for a Horˇava-
Lifshitz gravity in 4 + 1 dimensions at a non-critical value of the kinetic coupling constant.
The theory described the propagation of the pure gravity and pure electromagnetic phys-
ical degrees of freedom together with the propagation of two scalars fields. One of them
intrinsic to the Horˇava-Lifshitz theory at the non-critical value of the kinetic coupling and
the other one the dilaton scalar field associated to the Kaluza-Klein approach. Since we
are interested in this work to analyze the propagation of fundamental interactions in the
anisotropic framework we would like to avoid the scalar fields. In [4] the comparison with
the Maxwell equations was done in the presence of dynamical scalar fields. In that case, to
take the dilaton field on its ground state in the field equations restricts the physical degrees
of freedom of the theory. In this paper we consider the pure electromagnetic-gravitational
interaction without any dynamical scalar field. The comparison with the Maxwell-Einstein
equations can then be done without restricting the physical degrees of freedom. It is a
full-fledged comparison. Besides, effects of the presence of the dynamical scalar field char-
acteristic of the Horˇava-Lifshitz at the noncritical point establish additional restrictions to
the coupling parameters of the theory which we can avoid. For example, the emission of
dipolar radiation, due to the presence of a dynamical scalar field, in the orbital evolution
of binary pulsars induces a much more rapid decay of the orbital period than the predicted
by General relativity, which is in good agreement with observations [26]. On the other side,
in the Horava-Lifshitz gravity at the kinetic conformal point no dipolar radiation exists.
Only the quadrupole radiation characteristic of the transverse-traceless tensorial modes is
predicted, as in General Relativity [24].
An important aspect of the propagation of the electromagnetic and gravitational phys-
ical modes concerns with its speed of propagation. The theoretical results should match
the recent detection of coincident gravitational and electromagnetic waves [27, 28]. The
propagation speeds should match to within a part in 1015 [29, 30].
Theoretical and experimental data have been used to get upper and lower bounds to
the coupling parameters of the Horava-Lifshitz gravity theory, for example [31–37]. The
parameters α and β are severely restricted to be near 0 and 1 respectively, however the
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dimensionless parameter λ is unrestricted at the kinetic conformal point, since no dynamical
scalar field is present in the formulation and most of the bounds are related to the presence of
the scalar mode. Besides the value of λ at the kinetic conformal point is protected of quantum
corrections by a second class constraint which restricts the trace of the conjugate momentum
of the Riemannian metric on the leaves. Moreover the conjugate momentum is also restricted
by a first class constraint, which implies that it is transvers in the sense of York [38].The two
constraints imply that the conjugate momentum is transvers-traceless. Besides, it follows
that this component is independent of the parameter λ [38, 39]. Furthermore a perturbation
of the parameter λ can only appear through the conjugate momentum. Consequently, the
value of λ at the kinetic conformal point does not receive quantum corrections.
In this work we analyze the electromagnetic-gravity coupling in the anisotropic Horˇava-
Lifshitz framework in a formulation where only the pure gravity and pure electromagnetic
degrees of freedom propagate. The Horˇava-Lifshitz approach to gravity starts by considering
a foliated space and time manifold, where each leave of the foliation is parame- trized by the
time coordinate. This a different starting point from the General Relativity one. Since the
foliated manifold is given a priori, we have to choose the topology of it. We consider a glob-
ally hyperbolic manifold. Any such manifoldM has a smooth embedded three-dimensional
Cauchy surface, and furthermore any two Cauchy surfaces for M are diffeomorphic. More-
overM is diffeomorphic to the product of a Cauchy surface with R [40]. We distinguish the
Cauchy surfaces which are compact from the ones which are asymptotically flat Riemann
surfaces, they are topologically different. We consider in this paper the latter ones. The
cosmological spacetimes manifolds, i.e. a spatially compact, globally hyperbolic Lorentzian
manifolds, are then excluded from our analysis.
We consider the Horˇava-Lifshitz gravity in 4 + 1 dimensions at its critical value of the
kinetic coupling, the kinetic conformal point, and perform a Kaluza-Klein reduction to
3 + 1 dimensions. The Horˇava-Lifshitz gravity in 3 + 1 dimensions at the kinetic conformal
point was analyzed in [5, 6]. The physical degrees of freedom of the 4 + 1 theory are the
transverse-traceless gravitational modes in 4 + 1 dimensions which decomposes into the
transverse-traceless gravitational modes in 3+ 1 dimensions, the transverse electromagnetic
modes in 3+ 1 dimensions and the dilaton field. The intrinsic Horˇava –Lifshitz scalar is not
present at the kinetic conformal point. The dilaton being a scalar under diffeomorphisms
on the space like leaves of the foliation and reparametrization of time can be fixed in the
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Hamiltonian without changing the transformation law of the geometrical objects of the
theory (the same approach starting with General Relativity in 5 dimensions give rise to the
Einstein-Maxwell theory in 4 dimensions [41]). The resulting Hamiltonian in 3+1 dimensions
describes the electromagnetic-gravitational coupling in the Horˇava-Lifshitz geometry. The
potential contains higher order spacelike derivative terms from the gravitational as well as
from the electromagnetic degrees of freedom.
The point of view we consider in this work, as we did in [4], is to interpret the 4+1 theory
and Kaluza-Klein reduction only as a geometrical mechanism to obtain the anisotropic
theory in 3 + 1 dimensions, which it is expected to be renormalizable in the framework of
perturbative quantum field theory. The point of view of considering the Horˇava-Lifshitz
gravity theory as an effective theory of a more fundamental theory at higher dimensions is
also a interesting one, but is not the one we follow here.
The coupling of electromagnetism to Horˇava-Lifshitz gravity at the non-critical values of
the kinetic coupling constant and using a different approach has been studied in reference
[42]. The coupling there is only at the second order in derivatives of the electromagnetic
degrees of freedom through the relativistic action of electromagnetism. The power count-
ing renormalizability of the theory is then not guaranteed since no higher order spacelike
derivatives of the electromagnetic sector are included in the potential. On the contrary, at
least in General Relativity the coupling of relativistic matter makes the situation worst [43].
In section II we consider the 4+ 1 Horˇava-Lifshitz gravity action at its kinetic conformal
point. In section III, we obtain the Hamiltonian and field equations of the anisotropic
electromagnetic-gravitational theory in 3 + 1 dimensions after Kaluza-Klein dimensional
reduction. Next, in section IV we perform a perturbative analysis in order to cast the
physical degree of freedom propagated by theory. In section V, we analyze the anisotropic
electromagnetic field equations at low energies and compare them to the Maxwell equations.
In section VI, we prove that the anisotropic electromagnetic-gravitational theory, at low
energies and for a particular value of the coupling constants is exactly the Einstein-Maxwell
theory in a particular gauge used in the ADM formulation of General Relativity. Finally, in
section VII we give our conclusions.
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II. THE 4 + 1 HORˇAVA-LIFSHITZ THEORY: THE KINETIC CONFORMAL
POINT
We start considering the 4 + 1 dimensional Horˇava-Lifshitz theory. Its action is given by
S (gµν , Nρ, N) =
∫
dtdx4N
√
g
[
KµνK
µν − λK2 + βR+ αaµaµ + V (gµν , N)
]
. (2)
It is invariant under diffeomorphisms on the spacelike leaves of the foliation and under
reparametrization of the time variable. Kµν stands for the extrinsic curvature of the leaves
embedded in the foliation, K = gµνKµν denotes its trace, R is the 4-dimensional Riemannian
curvature of the leaves and aµ ≡ ∂µlnN . The aµaµ term introduced in [3] is relevant for the
stability of the theory. Due to their presence the second class constraints which appear in
the theory becomes elliptic partial differential equations. Only boundary conditions are then
required to show existence and uniqueness of their solutions and this fact is relevant in the
formulation of the initial value problem. Finally, V(gµν , N) denotes higher order than two
spatial derivative terms which transform as a scalar under diffeomorphisms of the spacelike
leaves and as a scalar under reparametrization of the time variable. They are independent of
Nµ which plays the role of a Lagrange multiplier in the theory and λ, α and β are coupling
constants. The requirement of renormalizability and that the overall coupling constant of
the action must be dimensionless implies that all higher order spatial derivative terms up
to z = 4 must be included in the potential. If the symbol of the potential for each physical
degree of freedom of the theory is elliptic of order 8 (z = 4), then the power counting
renormalizability of the theory is guaranteed [6]. The infinitesimal transformation of the
fields gµν , Nµ and N under spacelike diffeomorphisms with infinitesimal parameter ξ
µ and
time reparametrization with infinitesimal parameter f(t) are
δgµν = ∂µξ
ρgνρ + ∂νξ
ρgµρ + ∂ρξ
ρgµν + f g˙µν (3)
δNµ = ∂µξ
ρNρ + ξ
ρ∂ρNµ + ξ˙
ρgρµ + fN˙µ + f˙Nµ (4)
δN = ξρ∂ρN + fN˙ + f˙N. (5)
Notice that the transformation law of Nµ contains the term ξ˙
ρgρµ which characterizes the
transformation law of a Lagrange multiplier. Therefore, Nµ does not transforms as a four
vector under spacelike diffeomorphisms.
Now, we proceed to formulate the theory in its canonical form [44–47]. We notice that
only second order time derivatives are present in the Lagrangian. So, the canonical conjugate
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momentum of gµν , denoted by π
µν , is given by
πµν =
∂L
∂g˙µν
=
√
G (Kµν − λgµνK) , (6)
and its trace by
π = gµνπ
µν =
√
g (1− 4λ)K. (7)
We notice that λ = 1/4 is a critical point. In fact for that value
π = 0, (8)
becomes a primary constraint. This value of the dimensionless coupling λ depends on the
dimensions of the foliation. For a 3 + 1 foliation the critical value corresponds to λ = 1/3.
The constraint (8) is the generator of a conformal symmetry of the kinetic term of the
Lagrangian, however the terms of the potential break this symmetry. Consequently, (8) will
end up being a second class constraint of the theory. Eq. (8) and the conjugate momentum
to N , which we denote by PN , equal zero are primary constraints. Explicitly it reads
PN = 0. (9)
The primary constraint (9) arises since no time dependence onN is present in the Lagrangian
density. So, the Hamiltonian density is then given by
H = N√g
[
πµνπµν
g
− βR− αaµaµ − V (gµν , N)
]
+ 2πµν∇µNν − µπ − σPN , (10)
where µ and σ are Lagrange multipliers. Variations with respect to Nµ yields the third
primary constraint
∇µπµν = 0. (11)
In order to determine the field equations of the theory at low energies, we will not consider
the contribution of the higher order derivative terms in the potential. They are crucial in
the quantum analysis of the theory and will be included in the Kaluza-Klein reduction to
3 + 1 dimensions. So, the field equations besides the primary constraints are
−π˙µν = −1
2
Ngµν
[
πλρπλρ√
g
]
+ 2N
[
πµλπνλ√
g
]
+ β
√
gN
[
Rµν − 1
2
Rgµν
]
−β√g
[
∇(µ∇ν)N − gµν∇λ∇λN
]
− 1
2
α
√
gNgµνaρa
ρ + α
√
gNaµaν
+2∇ρ
[
πρ(µNν)
]
−∇ρ
[
πµνNρ
]
− µπµν ,
(12)
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g˙µν =
2Nπµν√
g
+∇µNν +∇νNµ + µgµν . (13)
On the other hand, conservation of the primary constraints (8) and (9) give rise to two new
constraints
2
πµνπµν
g
+ βR+ (α− 3β) aµaµ − 3β∇µaµ = 0, (14)
HN ≡ π
µνπµν
g
− βR+ αaµaµ + 2α∇µaµ = 0, (15)
respectively. Conservation of (14) and (15) only determine the Lagrange multipliers µ and
σ. The Dirac approach to determine all the constraints of the theory ends at this stage.
These are all the constraints of the theory.
The Poisson bracket of the constraints imply that (8), (9), (14) and (15) are second class
constraints while (11) is a first class constraint.
III. KALUZA-KLEIN DIMENSIONAL REDUCTION: FROM 4 + 1 TO 3 + 1 DI-
MENSIONS
In order to study the coupling between the Horˇava-Lifshitz gravity and electromagnetism
in an anisotropic framework, we perform in this section the Kaluza-Klein reduction from
4 + 1 to 3 + 1 dimensions following a pure cylindrical projection. We follow exactly the
same procedure explained in detail in [4]. We consider here, as it was done in [4] the
complete action including the potential terms V(gµν , N) and assume a topology of the type
MD+1 = MD × S1. We will denote the extra dimension by x4 and assume all fields are
independent of it. We split the 4-dimensional metric gµν as
gµν =

γij + φAiAj φAj
φAi φ

 , (16)
where γij is a 3-dimensional Riemannian metric. The inverse metric is then given by
gµν =

 γij −Aj
−Ai 1
φ
+ AkA
k

 , (17)
where γij are the components of the inverse of γij and A
i = γijAj . We, now perform
the canonical transformation explicitly given in [4]. Where pij , pi and p are the conjugate
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momenta of γij, Ai and φ respectively. Then, the Hamiltonian is
H = N√
γφ
[
φ2p2 + pijpij +
pipi
2φ
− γφβR− γφαaiai − V (γij, Ai, φ, N)
]
− Λ∂ipi
−Λj
(
2∇ipij + piγjkFik − pγij∂iφ
)
− σPN − µP,
(18)
where the four dimensional Ricci scalar R has the usual decomposition
R = R− φ
4
FijF
ij − 2√
φ
∇i∇i
√
φ. (19)
Notice that V(gµν , N) was defined as a scalar under spacelike diffeomorphisms and time
reparametrizations,
δV = ξρ∂ρV + f V˙. (20)
Under the cylindrical projection ∂4 = 0 this condition reduces to
δV = ξi∂iV + f V˙. (21)
it transforms as a scalar under the symmetries of the 3 + 1 foliation. We have now a
3 + 1 theory invariant under the diffeomorphisms on the 3-dimensional spacelike leaves and
under time reparametrization. Since we are interested in obtaining a theory where only the
gravitational and electromagnetic degrees of freedom propagate, we consider at the level
of the canonical action the dilaton field to be in its ground state φ = 1, p = 0. The
reduced theory is still invariant under diffeomorphisms on the spacelike leaves and time
reparametrization since φ was a scalar field and p a scalar density under diffeomorphisms
on the spacelike leaves and both scalars under reparametrizations of time. We end up with
the 3 + 1 anisotropic Hamiltonian
H = N√
γ
[
pijpij +
pipi
2
− γβR + γβ
4
FijF
ij − γαaiai − V (γij, Ai, N)
]
− ΛH˜ − ΛjHj
−σPN − µP,
(22)
where we have introduced the Lagrange multipliers
Λ ≡ N4 and Λi ≡ Ni −AiN4. (23)
The primary constraints are
P ≡ γijpij = 0, (24)
PN = 0, (25)
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and the reduction of the momentum constraint (11), which now decomposes into
H˜ ≡ ∂ipi = 0 (26)
Hj ≡ 2∇ipij + piγjkFik = 0. (27)
It is worth mentioning that (26) is exactly the same first class constraint associated to the
U(1) gauge symmetry in the relativistic electromagnetic theory, while (27) is the generator
of spacelike diffeomorphisms on the 3+1 foliation. In order to determine the field equations
of the theory at low energies, we dismiss the higher order spacelike derivative terms on the
potential V. The conservation of the primary constraints (24)-(25) yields
HP ≡ 3
2
1√
γ
plmplm +
1
4
1√
γ
pkpk +
1
2
√
γβR +
1
8
√
γβF lmFlm +
√
γ
(α
2
− 2β
)
akak
−2β√γ∇lal = 0,
(28)
HN ≡ 1√
γ
[
pijpij +
pipi
2
− βγR + β
4
γFijF
ij
]
+ α
√
γaia
i + 2α
√
γ∇iai = 0. (29)
At this stage the Dirac algorithm to obtain the constraints of the theory ends up. In fact,
conservation of (28) and (29) only determine Lagrange multipliers. The analysis of the
constraints determines that (24), (25), (28) and (30) are second class constraints while (26)
and (27) are first class ones.
The transformation laws of the 3 + 1 formulation are the following
δγij = ∂iξ
kγjk + ∂jξ
kγik + ξ
k∂kγij + fγ˙ij, (30)
δΛi = ∂iξ
kΛk + ξ
k∂kΛi + ξ˙
kγki + f Λ˙i + f˙Λi, (31)
δN = ξk∂kN + fN˙ + f˙N, (32)
δAi = ∂iξ
kAk + ξ
k∂kAi + fA˙i + ∂iξ
4, (33)
δΛ = ξi∂iΛ + ξ˙
iAi + ξ˙
4 + f Λ˙ + f˙Λ. (34)
We observe that (30)-(32) are the same infinitesimal transformation laws as for the 3 + 1
dimensional Horˇava-Lifshitz gravity theory. While (33) is the transformation law for a gauge
vector. Next, the dynamic of the theory is described by the following field equations
γ˙ij =
2N√
γ
pij +∇iΛj +∇jΛi + µγij, (35)
A˙i =
N√
γ
pi + ∂iΛ− ΛjγjkFik, (36)
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p˙ij =
N
2
γij√
γ
[
plkplk +
plpl
2
]
− N√
γ
[
2pikpjk +
pipj
2
]
+N
√
γβ
[
R
2
γij − Rij
]
+β
√
γ
[
∇(i∇j)N − γij∇k∇kN
]
+
β
2
N
√
γ
[
F inF jn −
γij
4
FmnF
mn
]
+αN
√
γ
[
γij
2
aka
k − aiaj
]
−∇k
[
2pk(iΛj) − pijΛk
]
− Λ(iγj)mplFlm + µpij,
(37)
p˙i = β∂j
(
N
√
γF ji
)
+ ∂k
(
Λkpi − Λipk) . (38)
It should be noted that two coupling constants are involved in the dynamics in comparison
to Einstein-Maxwell theory, β and α. Nevertheless, the equations describing the dynamics
of the gauge vector that is (26), (36) and (38) only involve the coupling β. If β = 1 this three
equations are exactly the same ones as in the Einstein-Maxwell relativistic theory. In section
VI we will compare the anisotropic electromagnetic-gravitational theory deduced in this
section with the Einstein-Maxwell relativistic one. In order to improve the understanding of
the dynamics of the anisotropic theory we perform in the next section a perturbative analysis
of the field equations around a background consisting on an Euclidean 3-dimensional metric
with no electromagnetic interaction.
IV. PERTURBATIVE ANALYSIS: PROPAGATION OF DEGREES OF FREE-
DOM
In order to unravel the propagating physical degrees of freedom, We perform in this
section a perturbative analysis. To do so we introduce perturbations around an Euclidean
with not electromagnetic interaction background in the following way
γij = δij + ǫhij , p
ij = ǫΩij , (39)
Λi = ǫni, Λ = ǫn4, N = 1 + ǫn, (40)
and for the vector field Ai we have
Ai = ǫξi, p
i = ǫζi. (41)
Therefore, at linear order in ǫ the field equations (35)-(38) become
h˙ij = 2Ωij + 2∂(inj) + µδij, (42)
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Ω˙ij = −β
2
(
δij − ∂i∂j
∆
)
∆h+
β
2
∆hij − β
(
δij − ∂i∂j
∆
)
∆n
+
β
2
(−∂j∂khik − ∂i∂khjk + δij∂l∂khlk) ,
(43)
ξ˙i = ζi + ∂in4, (44)
ζ˙i = β∂j (∂jξi − ∂iξj) . (45)
Furthermore, from the constraints (27), (28), (29) and (30) we have
∂iζi = 0 (46)
∂iΩij = 0 (47)
(α− β)∆n = 0 (48)
β (∂i∂jhij −∆h) = 0. (49)
The content of equations (42)-(49) can be seen more easily if one makes the ADM orthogonal
transverse/longitudinal decomposition on hij, Ω
ij , ξi and ζ
i, obtaining, if α − β and β are
different from zero, n = 0, hT = 0 and
ξ˙Ti = ζ
T
i . (50)
ζ˙Ti = β∆ξ
T
i , (51)
for the gauge vector field equations. Then, combining (50) and (51) we get the following
wave equation for the gauge vector
ξ¨Ti − β∆ξTi = 0. (52)
From equations (42) and (43) we obtain the following wave equation for the graviton
h¨TTij − β∆hTTij = 0. (53)
We remark that the only propagating degrees of freedom correspond to the transverse trace-
less gravity modes and the transverse electromagnetic modes, exactly as in the Einstein-
Maxwell theory. By working at the kinetic conformal point we got rid of the scalar Horˇava-
Lifshitz mode and by working on the ground state of the dilaton field we got rid of the
Kaluza-Klein scalar mode, we are then left with only the propagating modes of the two
fundamental interactions, ı.e gravity and electromagnetic but now in an anisotropic, non
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relativistic scenario. In particular, the gravity and electromagnetic modes propagate at
the same speed
√
β. There is no propagation of scalar fields, hence there is no decoupling
problem and the theory will flow from the UV point to the IR one with the same physical
degrees of freedom. Moreover, the longitudinal modes of hij are gauge modes which can
be fixed to zero. The same occurs with the longitudinal modes of the gauge vector. The
transverse mode of the metric was eliminated from one of the second class constraints. The
transverse ΩT mode together with the longitudinal components of Ωij were eliminated from
the constraints. Only the transverse traceless gravitational modes and the transverse elec-
tromagnetic modes propagate, the other ones are zero at first order in perturbations or are
gauge modes which can be taken to be zero.
V. THE ANISOTROPIC ELECTROMAGNETIC THEORY
In the previous sections we obtained the anisotropic electro- magnetic-gravitational theory
a la Horˇava-Lifshitz (EGHL theory). In order to eliminate the scalar field of the Horˇava-
Lifshitz gravity we started with the Horˇava-Lifshitz in 4+ 1 dimensions at the critical value
of the dimensionless coupling constant λ = 1/4, the kinetic conformal theory. This value
of λ is protected from quantum corrections by the second class constraint P = 0. We then
performed a Kaluza-Klein reduction to 3 + 1 dimensions and obtained a theory describing
the evolution of the 3-dimensional metric γij of the spacelike leaves of the foliation, a gauge
vector Ai, the dilaton scalar field, the lapse and shift fields describing the embedding of
the leaves in the 4 + 1 manifold. We then considered the dilaton scalar field on its ground
state, φ = 1 and its conjugate momentum p = 0. The resulting EGHL theory is consistent
and propagates only the electromagnetic and gravitational interactions, no scalar fields are
present. If we impose Ai = 0, p
i = 0 on the field equations of the EGHL theory we obtain
the field equations of the Horˇava-Lifshitz gravity theory at the kinetic conformal point
[5, 6]. An important point to consider is the comparison of the anisotropic electromagnetic
equations with the relativistic Maxwell equations, since the latter are very well established.
The equations for the anisotropic electromagnetic interaction are (26), (36) and (38). Given
a metric γij, the lapse N and shift Λi these equations depend only the coupling constant
β. The dependence on the coupling α is through γij, N and Λi. In order to compare the
anisotropic electromagnetic equations with Maxwell equations we introduce the 3+1 metric
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associated to the foliation. We notice from the transformation law (31) that Λi = Ni−N4Ai
is the correct shift, which together with the lapse N describe the embedding of the leaves
in the 3 + 1 foliation. Notice that Ni does not have the transformation law of the shift in
the 3 + 1 foliation. We introduce then the 3 + 1 metric
gµν =

−N2 + ΛkΛk Λi
Λj γij

 , (54)
with inverse
gµν =

− 1N2 ΛiN2
Λj
N2
γij − ΛiΛj
N2

 , (55)
where Λj = γijΛi, and γ
ij is the inverse of γij. We then obtain
4F 0i ≡ g0µgiνFµν = − 1
N2
γikF0k +
γik
N2
ΛmFmk, (56)
where Fµν = ∂µAν − ∂νAµ, µ = 0, 1, 2, 3 and we have introduced Λ ≡ A0 the Lagrange
multiplier associated to the first class constraint (26), the generator of gauge transformations.
So, from (36) we get
γikF0k =
N√
γ
pi − ΛmFmkγik. (57)
By replacing the left hand member of this equation into (56) we have
pi = −N√γ 4F 0i, (58)
where N
√
γ =
√
g. We use now
4F ji ≡ gjµgiνFµν = gj0gikFok + gjkgi0Fk0 + gjmginFmn, (59)
and after some calculations, where we used equation (57), we get
4F ij =
1
N
√
γ
[
Λipj − Λjpi]+ γimγjnFmn. (60)
From (38) and the previous equation we arrive to
p˙i = β∂j
[
N
√
γ 4F ji
]
+ (1− β) ∂j
[
Λipj − Λjpi] . (61)
Also, from (26) and (58) we obtain
∂i
(√
g 4F i0
)
= 0, (62)
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which is equivalent to
∇µ 4F µ0 = 0. (63)
Finally,, from (58) and (61) we have
∇µ 4F µi + (1− β)√
g
∂j
[
Λjpi − Λipj +√g 4F ij] = 0. (64)
These are the field equations for the anisotropic electromagnetic theory. The deviation
from Maxwell equations is proportional to (1− β). If β = 1, (64) reduces to the Maxwell
equations. Hence, if the renormalization flow reaches β = 1 at the infrared point, we would
recover the Maxwell electromagnetic theory. Besides for any value of β, if we impose the
gauge condition Λj = 0, an admissible gauge condition since Λj is the Lagrange multiplier
associated to the first class constraint Hj = 0, the field equations have the same form as
Maxwell equations but with a propagating speed
√
β.
VI. EQUIVALENCE TO THE EINSTEIN-MAXWELL THEORY
We consider now the theory with the coupling constants β = 1 and α = 0. We will
prove that this theory is the same as the Einstein-Maxwell theory in a particular gauge. We
are considering only up to quadratic derivative terms in the potential, the low energy limit
of the theory. Since the theory is restricted by the constraint P = 0, one may add to the
Lagrangian any term proportional to P . We can add in (22) a term −1
2
P 2. The Hamiltonian
without the µP term is exactly the Einstein-Maxwell Hamiltonian,
H = HE−M − µP, (65)
where the Einstein-Maxwell Hamiltonian HE−M is
HE−M = N√
γ
[
pijpij − P
2
2
+
pipi
2
− γR + γ
4
FijF
ij
]
− ΛH˜ − ΛjHj. (66)
The constraints (26) and (27) are the same as in Einstein-Maxwell theory. Furthermore
(29) with the inclusion of the −1
2
P 2 term and α = 0, becomes the Hamiltonian constraint
of the Einstein-Maxwell theory, a first class constraint in that theory but not in the present
analysis because of the constraint P = 0.
HN ≡ 1√
γ
[
pijpij − P
2
2
+
pipi
2
− 1
2
P 2 − γR + γ
4
FijF
ij
]
= 0. (67)
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The conservation of the Hamiltonian constraint determines the value of µ. It is straight-
forward to show that µ = 0. In fact HN weakly commutes under the Poisson bracket with
HE−M . Equations (36) and (37) are then the same as in Einstein-Maxwell theory
γ˙ij =
2N√
γ
[
pij − γij
2
P
]
+∇iΛj +∇jΛi, (68)
A˙i =
N√
γ
pi + ∂iΛ− ΛjγjkFik. (69)
Also, equations (38) and (39) with the inclusion of the terms proportional to P arising from
the Hamiltonian and using µ = 0 are the same field equations as in Einstein-Maxwell theory,
p˙ij =
N
2
γij√
γ
[
plkplk − P
2
2
+
plpl
2
]
− N√
γ
[
2pikpjk − pijP +
pipj
2
]
+N
√
γ
[
R
2
γij − Rij
]
+
√
γ
[
∇(i∇j)N − γij∇k∇kN
]
+
N
2
√
γ
[
F inF jn −
γij
4
FmnF
mn
]
−∇k
[
2pk(iΛj) − pijΛk
]
−Λ(iγj)mplFlm,
(70)
p˙i = ∂j
(
N
√
γF ji
)
+ ∂k
(
Λkpi − Λipk) . (71)
The whole set of field equations of the anisotropic electromag- netic-gravitational theory
agree exactly with the ones of Eins- tein-Maxwell theory, once one imposes the partial
gauge fixing condition in the Einstein-Maxwell theory
P = 0, (72)
a gravitational gauge used in the ADM formulation of General Relativity [41]. The conser-
vation of it renders equation (28).
We may now consider the path integral formulation of both theories, where only quadratic
terms in the potential of the EGHL theory are included and α = 0 and β = 1. The measure
of the path integral formulation of the Einstein-Maxwell theory in above mentioned gauge
is
dµ
(
γij , p
lk, Am, p
n
)
=
∏
δ
(
H˜
)
δ (χ) det|{H˜, χ}PB|δ
(
Hj
)
δ (χi) det|{Hj, χi}PB|
×δ (HN) δ (P ) det|{HN , P}PB|
∏
dγijdp
lkdAmdp
n.
(73)
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The measure of the path integral formulation of the EGHL theory is
dµ˜
(
γij, p
lk, Am, p
n, N, PN
)
=
∏
δ
(
H˜
)
δ (χ) det|{H˜, χ}PB|δ
(
Hj
)
δ (χi) det|{Hj, χi}PB|
×δ (θ1) δ (θ2) δ (θ3) δ (θ4) (det|{θi, θj}PB|)1/2
∏
dγijdp
lkdAmdp
ndNdPN ,
(74)
where θ1 ≡ HN , θ2 ≡ P , θ3 ≡ HP and θ4 ≡ PN .
In the Einstein-Maxwell theory, H˜ = 0, Hj = 0 and HN = 0 are first class constraints
while in the EGHL theory, H˜ = 0 and Hj = 0 are first class constraints and θi = 0,
i = 1, ..., 4 are second class constraints. χi = 0, i = 1, ..., 4 and χ = 0 are the gauge fixing
conditions associated to the first class constraints Hj = 0 and H˜ . The equivalence of the
measure occurs because
(det|{θi, θj}PB|)1/2 = det|{θ1, θ2}PB|det|{θ3, θ4}PB|. (75)
Moreover
δ (θ3) δ (θ4) det|{θ3, θ4}PB| = δ
(
N − Nˆ
)
δ (PN ) , (76)
where Nˆ is the solution of the elliptic equation (28). Hence after integration of N and PN we
get the equality of both path integral formulations, taking into account that the Hamiltonian
is the same in both theories.
VII. CONCLUDING REMARKS
We introduced an anisotropic theory in the sense of Horˇava-Lifshitz theory describing
the electromagnetic-gravitational interaction. The propagating physical degrees of freedom
are only the transverse-traceless gravity modes together with the transverse electromagnetic
modes as in the Einstein-Max- well relativistic theory, there are no propagating scalar degrees
of freedom in the formulation. In the infrared limit the theory depends on two coupling
constant α and β. The dimensionless coupling λ of the kinetic term in the Horˇava-Lifshitz
gravity theory, which for λ 6= 1 breaks the relativistic symmetry of the kinetic term, takes
its critical value λ = 1/4. The kinetic term becomes conformal invariant at that value of λ,
however the potential terms in the action break that symmetry. The Horˇava-Lifshitz gravity
theory at the critical point λ = 1/3 was studied in [5, 6].
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The anisotropic electromagnetic-gravitational theory shift the critical value to λ = 1/4.
That value of λ is protected of quantum corrections, by a second class constraint, the trace
of the conjugate momentum of the 3-dimensional metric of the spacelike leaves of the folia-
tion, P = 0. This constraint, which ends up being a second class one has not been added by
hand, but arises directly as a primary constraint of the theory following the Dirac approach
to determine the whole set of constraints. The first class constraints generates the diffeomor-
phisms on the spacelike leaves and the local gauge transformations of the anisotropic electro-
magnetic interaction associated to a U(1) principle bundle with a connection one-form, the
gauge vector. Besides the second class constraint already mentioned P = 0, the Hamiltonian
constraint is also a second class constraint, in distinction to what occurs in the Einstein-
Maxwell theory. The conservation of P = 0 yields an additional second class constraint,
which can be interpreted as an elliptic partial differential equation for the lapse N(x, t).
the Hamiltonian constraint is an elliptic partial differential equation for gT , in the ADM
notation. P T is eliminated from P = 0 while the longitudinal components of the metric,
and its conjugate momentum together with the longitudinal component of the gauge vector
and its conjugate momentum are eliminated from the first class constraint and its gauge
fixing conditions. For any value of β and α the anisotropic electromagnetic-gravitational
theory propagates the same physical degrees of freedom as the Einstein-Maxwell theory. To
show it, we performed a perturbative analysis on a Euclidean background. The propagating
physical degrees of freedom are the transverse traceless components of the 3-dimensional
spacelike metric and the transverse modes of the gauge vector. This is so because we are at
the critical value of the coupling λ, the kinetic conformal point. The intrinsic scalar field of
the Horˇava-Lifshitz formulation is not present in that case. Besides we consider the dilaton
scalar field arising from the Kaluza-Klein approach to be in its ground state. All excitations
propagate with the same speed
√
β.
We showed that the complete algebraic structure of the constraints is consistent and in
agreement with the transformation law of the geometrical objects of the theory. We derived
the Hamiltonian and field equations of the theory and compared them to the field equations
of the Einstein-Maxwell theory. We emphasize that the theory is a non-projectable one. The
projectable version of the theory although an interesting one propagates a different number
of physical degrees of freedom compared to the non-projectable one.
Furthermore, we showed that for the coupling constants with value β = 1 the field equa-
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tions for the gauge vector are exactly the Maxwell equations on a gravitational background
characterized by 3-dimensional metric of the spacelike leaves, the lapse and the shift. The
interesting point is that the shift acquires a contribution from the gauge vector which ren-
ders the correct transformation law for it. The dependence on the coupling constant α is
only through the background fields.
We also obtained the general field equations for the gauge vector for any value of β, it is
a deviation of Maxwell equations by terms proportional to (1− β). In the gauge Λi = 0, the
field equations have the same form as Maxwell equations but with a speed of propagation
√
β.
If the coupling constants take the values β = 1 and α = 0 we proved that the anisotropic
electromagnetic-gravitational theory is exactly the Einstein-Maxwell theory on a particular
gauge used in the ADM formulation of General Relativity [41]. This result is an exten-
sion of the analogous one for the Horˇava-Lifshitz gravity at the kinetic conformal point [6].
Moreover, the path integral formulation of this anisotropic theory when only up to second
spacelike derivatives are included in the potential, is exactly the same functional defin-
ing the path integral formulation of the Einstein-Maxwell theory (provided there are no
gauge anomalies). The path integral of the quantum formulation of the anisotropic electro-
magnetic-gravitational theory also includes all higher derivative terms in the potential. It
introduces in a natural way all higher derivative terms, up to z = 4 terms, which modify
the Eisntein-Maxwell theory in the UV regime.
The virtue of the anisotropic electromagnetic-gravitatio- nal theory we consider is that we
started with a Horˇava-Lifshitz gravity theory in 4 + 1 dimensions, which is power counting
renormalizable theory. We ended up with a 3 + 1 theory with all higher order spacelike
derivative terms, up to z = 4, and with the geometrical structure and symmetries of the
Horˇava-Lifshitz approach. We then expect the theory to be power counting renormalizable.
This problem will be considered elsewhere.
Our construction differs with what is usually done to describe the electromagnetic inter-
action coupled to the Horˇava-Lifshitz gravity theory, where the relativistic electromagnetic
action is coupled to the Horˇava-Lifshitz gravity action without the inclusion of higher deriva-
tive terms for the electromagnetic sector. Consequently, in the latter approach there is no
guarantee of power counting renormalization.
In our approach we started from Horˇava-Lifshitz gravity formulation in 4+ 1 dimensions
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and performed a Kaluza-Klein dimensional reduction to 3 + 1 dimensions. There are at
this point two interpretations. One of them is to take the 3 + 1 formulation, including the
higher order spacelike derivative terms, to be the complete theory. In that case the higher
dimensional construction is only a geometrical construction which provides in a natural way
the anisotropic geometry in 3 + 1 dimensions. The other interpretation is that there is a
more fundamental theory at higher dimensions, and the dilaton scalar field should then be
incorporated in the UV regime. To consider the scalar field at its ground state in the IR
regime has then a physical meaning and is not just a geometrical mechanism. In this case
the theory should determine at what energy scale the dilaton field decouples, an old problem
in string theory. In this paper we take the first point of view, hence there are no propagating
scalar degrees of freedom in the 3+1 theory for any value of the couplings. Consequently, in
the renormalization flow from UV point to the IR one there does not exist any decoupling
problem. The main point is then to prove renormalizability of the theory. We expect to
discuss aspects of it elsewhere.
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